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The Goals: Enjoy “Dynamics” with Python   
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Schedule 
4

2. Modeling of Oscillator Dynamics (12/14 Fri.)

3. Lagrangian and mechanical system dynamics 
(12/21Fri.)

4. TBA (Manipulator control/passive walker) (1/11 Fri.)



Topics: Modeling of Oscillator Dynamics 
6

I. Overview and introduction of oscillation in natures 

II. Modeling of simple oscillator dynamics 

III. Modeling of neuron-like oscillator dynamics 



Overview: We found “Oscillation” anywhere 
8

Biological oscillation 

Biological clock 
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neurons10. The reticulospinal neurons (RS in FIG. 3)
can respond with plateau depolarizations that result
from activation of NMDA (N-methyl-D-aspartate)
receptors and Ca2+-activated cation channels40. The
level of activation of the locomotor regions deter-
mines the drive to the spinal locomotor CPGs and
therefore the speed of locomotion (FIG. 1b).

Locomotor pattern generation by spinal CPGs. In all
classes of vertebrates, the spinal cord contains the basic
networks that coordinate locomotor activity,be it swim-
ming, flying or walking7–9,24,41. In the lamprey spinal cord,
alternating left–right locomotor activity is produced in
each segment along the spinal cord with a frequency
ranging from 0.1 to 8–10 Hz during normal swimming
(FIG.2, left).Locomotor activity can be produced not only
by brainstem stimulation but also in the isolated spinal
cord by superfusion of glutamate agonists to replace the
supraspinal drive37 (FIG. 2, right). Normally, a stable burst
frequency can occur across the full frequency range. A
longitudinal hemisection, which isolates the left and
right hemicords from each other, results in marked
acceleration of this burst activity, but each hemicord can
still produce both fast and slow bursting under different
conditions42. This finding is in contrast to previous 
studies43, probably because of differences in time of
observation and in resolution. Bursting in the hemicord
can also be elicited by electrical stimulation of the spinal
cord, which activates reticulospinal fibres. Remarkably,
locomotor burst activity can be elicited even when only
one hemisegment is intact. Moreover, in the hemicord
bursting remains when glycinergic synaptic transmis-
sion is blocked, indicating that ipsilateral excitatory
interneurons can drive bursting44.

A lesion of the crossed glycinergic fibres between the
hemicords results in a speeding up of the burst rate,
showing that crossed inhibitory fibres both slow down
the rhythm and ensure that the two sides alternate.
Similarly, a pharmacologically induced partial blockade
of glycinergic transmission with strychnine causes the
frequency to speed up and finally to change to a burst

Conserved command areas for CPGs.Different command
systems control the level of activity of CPGs. In the lam-
prey, as in other vertebrates (FIGS 1b and 3), locomotion
can be initiated by stimulation of a DIENCEPHALIC and a
MESOPONTINE LOCOMOTOR REGION (DLR and MLR, respec-
tively)24,25,38,39. From cyclostomes to mammals, the MLR
is found in an area that contains cholinergic and gluta-
matergic neurons. The DLR corresponds to groups of
neurons with descending connections that make up the
VENTRAL  THALAMUS in the lamprey and zona incerta in
mammals. These two areas project independently and
monosynaptically to reticulospinal neurons in the middle
and posterior reticulospinal nuclei,which in turn activate
the spinal CPGs that generate locomotor activity. Both
pathways are glutamatergic and project bilaterally. From
the MLR there is also a monosynaptic cholinergic pro-
jection that acts on nicotinic receptors on reticulospinal

DIENCEPHALIC LOCOMOTOR
REGION 
Area corresponding to ventral
thalamus, which contains
neurons that project to
reticulospinal neurons, and that
thereby can activate the spinal
locomotor networks.

MESOPONTINE LOCOMOTOR
REGION
Area located at the border
between mesencephalon and
pons (mesopontine), which
contains neurons that project to
reticulospinal neurons, and
thereby can activate the spinal
locomotor networks. This area is
often referred to as the
mesencephalic locomotor
region.

VENTRAL THALAMUS
Nucleus in diencephalon that
sends axonal glutamatergic
projections to reticulospinal
neurons, thereby eliciting
locomotor activity.Ventral
thalamus should not be
confused with the dorsal
thalamus, which projects to
pallium (corresponding 
to cortex) as in mammals.
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Figure 3 | Locomotor network of the lamprey. Schematic
representation of the forebrain, brainstem and spinal
components of the core neural circuitry that generates
rhythmic locomotor activity. All neuron symbols denote
populations rather than single cells. The reticulospinal (RS)
glutamatergic neurons excite all classes of spinal interneurons
and motor neurons. The excitatory interneurons (E) excite all
types of spinal neurons — the inhibitory glycinergic
interneurons (I) that cross the midline to inhibit all neuron types
on the contralateral side, and motor neurons (M). The stretch
receptor neurons are of two types; excitatory (SR-E), which
excite ipsilateral neurons, and inhibitory (SR-I), which cross the
midline to inhibit contralateral neurons. RS neurons receive
excitatory synaptic input from the diencephalic and
mesopontine locomotor regions (DLR and MLR, respectively),
which receive input from the basal ganglia as well as visual
and olfactory input. Metabotropic receptors are also activated
during locomotion and are an integral part of the network 
(5-HT (5-hydroxytryptamine, serotonin), GABA (γ-aminobutyric
acid) and mGluR (metabotropic glutamate receptor)). Dashed
lines, indirect connections.
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Figure 2 | Similarities of locomotor pattern generation in an intact lamprey and an
isolated spinal cord. The bilateral segmental electromyogram activity in two segments along
the spinal cord of the intact lamprey is shown on the left. Activity alternates between segments 1
and 3, and 2 and 4, and there is an intersegmental lag between 1 and 2, and 3 and 4. To the right,
the corresponding activity recorded from the isolated spinal cord of the lamprey is shown112.
Locomotor coordination can be generated by the isolated spinal cord in the same way as the
intact behaving lamprey.

Locomotion Control in Vertebrates 
9

S. Grillner (2003) Nature reviews 4, 573-583. 

© 2003        Nature  Publishing Group

CENTRAL PATTERN GENERATOR
A neural circuit that produces
patterns of behaviour
independently of sensory input,
for instance the pattern of
activity in different motor
neurons that results in
respiration or locomotion.

SACCADIC EYE MOVEMENTS
A rapid eye movement (with
speeds of up to 800 degrees per
second) that brings the point of
maximal visual acuity — the
fovea — to the image of interest.
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amplitude of the saccade10,11. The collicular saccade map
can be considered as a modular CPG organization.
An eye movement is usually followed by a reorientation
of the head and body to face the target.The generation of
reaching movements might follow a similar logic.
Another class of motor patterns13,14 are used to express
species-specific, innate emotions (in man, for example,
crying, smiling or laughter).

For each category of movement, there is an innate
machinery, which can be adapted and perfected by
experience. In addition, this machinery can be used 
to learn new, skilled tasks, such as the sequence of motor
patterns required to play a musical instrument. The
learning of such sequences of motor patterns is referred
to as motor or procedural memory.

This motor infrastructure allows various adaptable
and flexible movements, the combination of motor 
programs and the ability to learn new patterns of coord-
ination14,15. Together, these represent the entire motor
repertoire of an individual or species2,7,16. Most of these
motor patterns, such as locomotion, speech or gaze, are
voluntary — they can be recruited and modified at
will17. The use of the word ‘voluntary’in the context of
motor control should therefore not be restricted, as it
often is, to aspects such as arm–hand coordination. This
common subdivision creates a false dichotomy.

Sensory contribution to movement control. An impor-
tant aspect of motor control is correction, whether for
errors or for unexpected perturbations (such as obsta-
cles).Sensory signals can aid the control of movement in
several ways, but in general, sensory feedback systems 
are used for slow movements, which allow time for the
feedback to operate. In contrast to engineering systems,
conduction times in biological systems are often long in
comparison to the time needed to execute a given move-
ment. The relative importance of the conduction delays
differs in different species, for example between a fruitfly
and a giraffe.When time allows, as during respiration5

and slower forms of locomotion18–21, feedback systems
can help to regulate the duration of different phases of a
movement controlled by a CPG and can also contribute
to the degree of muscle activation.When movements are
faster, though, sensory feedback may be insufficient.
Consider a tall person with long conduction delays from
the foot to the spinal cord. Add the central processing
time, efferent conduction time to the muscle and finally
the neuromechanical lag.The time lag to onset of change
in mechanical muscle response can be 0.1 to 0.2 seconds,
which is substantial if one considers the need for fast 
corrective responses during rapid movements such as
downhill skiing.This is why nervous systems are designed
to use predictions22 of necessary changes whenever possi-
ble, rather than making corrections after a perturbation
has occurred. Immediate compensation for obstacles or
other perturbations can only rely on muscle and tendon
stiffness23 — many species have ‘springy’legs that can
momentarily absorb perturbations. Sensory input is
also used in a non-feedback mode, when a movement or
a component of a motor pattern is initiated. The sensory
information before the movement starts is crucial for

patterns of motor behaviour, despite the fundamental
differences in anatomical organization between their
neural systems. Movements are generated by dedicated
networks of nerve cells (FIG. 1a) that contain the informa-
tion that is necessary to activate different motor neurons
in the appropriate sequence and intensity to generate
motor patterns2,4. Such networks are referred to as 
CENTRAL PATTERN GENERATORS (CPGs). The most basic CPGs
coordinate protective reflexes, swallowing or coughing.
At the next level are those that generate rhythmic move-
ments5. Some, such as respiratory CPGs, are active
throughout life, but are modulated with changing meta-
bolic demands5. Others, such as locomotor CPGs, are
inactive at rest, but can be turned on by signals from
command centres6–9. Sensory input that is generated by
ongoing movements can help to regulate the duration
of different phases of the movement.

Another level of complexity is added when one 
considers SACCADIC EYE MOVEMENTS, which are generated
from the superior colliculus. This structure contains a
topological map, and the location of activity within each
microregion determines the specific direction and
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Figure 1 | The motor infrastructure. a | Location of different networks (central pattern
generators, CPGs) that coordinate different motor patterns in vertebrates. The spinal cord
contains the CPGs for locomotion and protective reflexes: the brainstem, those for breathing,
chewing, swallowing and saccadic eye movements; and the hypothalamus, centres that regulate
eating and drinking. These areas can coordinate the activation of different CPGs in a behaviourally
relevant order. For instance, if the fluid intake area is activated, an animal will look for water, walk
towards it, position itself and start drinking. The cerebral cortex is important in particular for fine
motor coordination involving hands and fingers and for speech. b | General control strategy for
vertebrate locomotion. Locomotion is initiated by activity in reticulospinal neurons (RS) of the
brainstem locomotor centre, which produces the locomotor pattern in close interaction with
sensory feedback. With increased activation of the locomotor centre, the speed of locomotion
increases and interlimb coordination can change (from a walk to a gallop, for example). The basal
ganglia exert a tonic inhibitory influence on motor centres that is released when a motor pattern is
selected. Experimentally, locomotion can also be elicited pharmacologically by administration of
excitatory amino-acid agonists and by sensory input. DLR, diencephalic locomotor area; 
MLR, mesopontine locomotor area.

The (vertebrate) locomotor system is organized such that the spinal CPGs are responsible 
for producing the basic rhythmic patterns, and that higher-level centers (the motor cortex, 
cerebellum, and basal ganglia) are responsible for modulating these patterns according to 
environmental conditions.

One can extract and isolate from the body the spinal 
cord of the lamprey (a primitive fish), and it will produce 
patterns of activity (fictive locomotion), which are very 
similar to intact locomotion when activated by simple 
electrical or chemical stimulation (Cohen & Wallen, 
1980; Grillner, 1985) 



What is CPG*? 
10

Locomotor central pattern generators (CPGs)
= neural circuits capable of producing coordinated patterns of high-dimensional rhythmic 
output signals while receiving only simple, low-dimensional, input signals 

*A. J. Ijspeert, “Central pattern generators for locomotion control in 
animals and robots: A review ”, Neural Networks 21 (2008) 642–653.   
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poorly controlled and inefficient patterns of muscle
activation.

(3) Quasirobotic FES control bears little similarity to
natural spinal cord function, suggesting that it may lack
features that are essential for the stable control of
muscles (as opposed to torque motors) and that the
operator may have difficulty in learning how to control
this foreign system.

(4) Biomimetic regulators have to make decisions about
which subsets to include from the extremely rich set of
naturally occurring spinal circuits.

Understanding the task
The severity of and possible remedies for each of the above
problems are difficult to appreciate in the absence of an
overall theory of computation for spinal cord functions.
Theories of computation are often expressed as analogies to
other, more familiar machines. In order to describe the
function of the spinal cord, we have previously used the
analogy of the regulator, a multi-input, multi-output
system of distributed interconnections with adjustable
gains (He et al. 1991). Engineering control theory has
provided an elegant set of mathematical tools to design and
program regulators for complex functions, at least if one is
willing to accept certain constraints on system properties
and performance criteria (Athans & Falb, 1969; Stein &
Athans, 1987). The CNS would not be expected to embody
such tools, but it seems likely to arrive at similar solutions
and to be able to handle less-constrained problems by
employing adaptive neural networks. Nevertheless,
complex regulators are not familiar to most laypersons or
neuroscientists. They have generally been used by
engineers to solve non-motor problems such as process

control in oil refineries. A more accessible and intuitive
analogy that captured spinal cord function at least
qualitatively might be helpful. 

Some deceptively simple mechanical structures that present
many of the problems and solutions of biomechanical
control are illustrated in Fig. 3. Marionettes represent the
elite of puppetry, the art of creating and operating
animated figures to perform as surrogate actors. They are
an elite specifically because they require a high level of
knowledge and skill. The audience usually assumes that
most of that expertise resides in the operator during the
performance. The real craft, however, is in the design of the
marionette and its control apparatus so that together they
naturally tend to produce realistic movements without
placing excessive demands on the operator (Coad & Coad,
1993).

The obvious analogy is that the marionette puppet
represents the musculoskeletal system and the operator
represents the brain, leaving the deceptively simple
handheld pieces on which the strings are attached to
represent the spinal cord (Fig. 4). To a puppeteer,
however, the design of the handheld control is neither
simple nor obvious; it requires a thorough integration of
the intrinsic mechanical properties of the puppet with the
range of movements and tasks it must perform. The
mechanics of the puppet account for the nominal
trajectory of motion in response to a particular pattern of
tugs from the strings. The handheld control causes simple
movements of the operator’s hand to result in
simultaneous tugs and relaxations on many strings.
Reactive forces from the puppet and any external
obstacles propagate backward to the control, where they

G. E. Loeb114 J. Physiol. 533.1

Figure 3
Two marionette puppets (analogous to musculoskeletal
systems) with their handheld controls (each analogous to
the spinal cord when given a particular functional set by
descending commands from the brain). While there are
similarities in general form between the puppets and the
controls, there are many differences that reflect the
performances for which they are specialized. Changes in
the mechanics of the linkage require complementary but
non-obvious changes in the stringing of the control.
Adapted from Fraser (1971).

S. Grillner (1996) G. E. Loeb (2001)http://russellfox.info



Detailed Neuron Models 
12

Detailed biophysical models are constructed based on the Hodgkin–Huxley* 
type of neuron models, which is neuron models that compute how ion 
pumps and ion channels influence membrane potentials and the generation 
of action potentials. 



Abstracted Oscillator Models 
13

Mathematical models of coupled nonlinear oscillators to study population 
dynamics (Cohen, Holmes, & Rand, 1982; Collins & Richmond, 1994; 
Ijspeert, Crespi, Ryczko, & Cabelguen, 2007; Kopell, Ermentrout, & Williams, 
1991; Matsuoka, 1987; Schoner, Jiang, & Kelso, 1990).

How inter-oscillator couplings and differences of intrinsic 
frequencies affect the synchronization and the phase lags within a 
population of oscillatory centers?  

The dynamics of populations of oscillatory centers depend mainly 
on the type and topology of couplings rather than on the local 
mechanisms of rhythm generation, something that is well 
established in dynamical systems theory (Golubitsky & Stewart, 
2002; Kuramoto, 2003 )



Topics: Modeling of Oscillator Dynamics 
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I. Overview and introduction of oscillation in natures 

II. Modeling of simple oscillator dynamics 

III. Modeling of neuron-like oscillator dynamics  



Before Modeling… 
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Potential
(spring) 

Kinetic

Total 

l Display movements and energy 
conservation 

l Output *.png files 
(plot_graph.py)



Python script #0 mass_spring_odeint.py

plot_graph.py: make graph in *.png file
video.py: make animation (given script should be 
moved/copied to the same directory)

You can download *.zip file in the following URL: 
www.oscillex.org/lecture

$ python mass_spring_odeint.py

Original modules 



www.oscillex.org/lecture
17



Topics: Modeling of Oscillator Dynamics 
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I. Overview and introduction of oscillation in natures 

II. Modeling of simple oscillator dynamics 

III. Modeling of neuron-like oscillator dynamics 

IV. Summary 



A Phase Oscillator 
19

�̇i = !
�i = !t+ �0

sin�i = sin(!t+ �0)

�i
Easily integrate 

Phase plane 



20one_oscillator_odeint.pyPython script #1

video_one_oscillator.py: make animation (given script 
should be moved/copied to the same directory)

$ python one_oscillator_odeint.py



Synchronization between Oscillators 
21



Uncoupled Oscillators  
22

1 2 

�̇1 = !, �̇2 = !



Pacemaker & Follower 
23

1 2 

�̇i = !, �̇2 = ! + ✏12 sin(�1 � �2 �  12)



Mutual Interaction for Anti-phase  
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1 2 

�̇1 = ! + ✏21 sin(�2 � �1 �  21)

�̇2 = ! + ✏12 sin(�1 � �2 �  12)



Mutual Interaction for a phase lag   
25

1 2 

�̇1 = ! + ✏21 sin(�2 � �1 �  21)

�̇2 = ! + ✏12 sin(�1 � �2 �  12)



26Python script #2

$ python two_oscillators_odeint.py

two_oscillators_odeint.py

video_two_oscillator.py: make animation (given script 
should be moved/copied to the same directory)



Quadruped Gait Patterns 
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Example #1
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Example #2: Trot 
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Example #3: Pace  
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Example #4: L-S walk  
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Example #5: D-S walk  
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Example #7: Bound 
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Example #8: Canter  
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Example #9: Transverse Gallop  
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Example #10: Rotary Gallop  
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38Python script #3-1

video_quad_oscillator.py: make animation (given script 
should be moved/copied to the same directory)

quad_oscillators_odeint.py

Continue to the next slide 



39Python script #3-2 

$ python quad_oscillators_odeint.py

quad_oscillators_odeint.py



Summary: Phase Oscillator 
40

1. Abstract model for oscillatory dynamical system 

2. Variable is only phase (one variable oscillator) 

3. Connection can be modeled by sin function (phase is periodic 
variable)

4. We can design obtained patterns by designing the topology of neural 
connections



Report 1: until 12/28 (Fri.) 
41

Four Oscillators’ Network: 

1. Reproduce more than 3 gait patterns in quadrupeds animals.

2. Plot graph of reproduced gait patterns. 

Please send it me by e-mail (owaki@tohoku.ac.jp), or put printed 
one in a report box @ A15 503 (5F)



End.
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