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Schedule for Robotics II in Python
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7. Forward and Inverse Kinematics (1/10 Thu.)

8. Jacobians (1/17 Thu.)

9. Dynamics (1/21 Mon.)

10.Linear Control: Basis (1/28 Mon.)

11.Linear Control: Application (1/31 Thu.)

12.Nonlinear, Force and Impedance Control 
(2/4 Mon.)
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What is Jacobian (Jacobian matrix) ? 
7

l Jacobian (Jacobian) is a multidimensional form of the derivative.
l In Robotics, we generally use Jacobians that related joint velocities to 

Cartesian velocities of the tip of the arm. 

Section 5.7 Jacobians 149

then yields a numeric result with the structure of the equations hidden. We are often
interested in the structure of an analytic result such as (5.55). Also, if we bother
to do the work (that is, (5.50) through (5.57)), we generally will find that there are
fewer computations left for the computer to perform in the final application.

5.7 JACOBIANS
The Jacobian is a multidimensional form of the derivative. Suppose, for example,
that we have six functions, each of which is a function of six independent variables:

= f1(xj, x2, x3, x4, x5, x6),

Y2 = f2(x1,x2,x3,x4,x5,x6),

(5.58)

Y6 = f6(x1, x2, x3, x4, x5, x6).

We could also use vector notation to write these equations:

Y = F(X). (5.59)

Now, if we wish to calculate the differentials of y1 as a function of differentials of x1,
we simply use the chain rule to calculate, and we get

af1 af1 af1—8x1 + —8x2 + . .. + —8x6,
ax1 8x2 8x6

8f2 af2= —SX1 + + . .. + —8x6,
Bx6

(5.60)
8f6 Bf6 af6

8Y6 = + —8x2 + . .. + —8x6,
8x6

which again might be written more simply in vector notation:

8Y = SX. (5.61)ax
The 6 x 6 matrix of partial derivatives in (5.61) is what we call the Jacobian, J. Note
that, if the functions f1 (X) through f6 (X) are nonlinear, then the partial derivatives
are a function of the so, we can use the notation

8Y = J(X)SX. (5.62)

By dividing both sides by the differential time element, we can think of the Jacobian
as mapping velocities in X to those in Y:

(5.63)

At any particular instant, X has a certain value, and J(X) is a linear transforma-
tion. At each new time instant, x has changed, and therefore, so has the linear
transformation. Jacobians are time-varying linear transformations.
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Vector notion: 
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Jacobian=matrix of partial derivatives 

f1 through  f6  are  nonlinear, then the partial 
derivatives are a function of the xi, so, 

�Y

�t
= J(X)

�X

�t
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Y velocity X velocity 

Time-varying linear transformations 

Ẋ = J(⇥)⇥̇
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Cartesian velocity Joint angular velocity 

In Robotics, 
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Jacobian in Robot Arm  
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✓1
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(x, y)
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“Non-redundant” manipulator 
End effector: 2 degrees of freedom (DoF) 
Joint angles: 2 degrees of freedom (DoF) 

Joint angle 
velocities 

Velocity of 
end effector

✓̇1, ✓̇2
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Jacobian matrix  

Inverse matrix of 

J(⇥)
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Jacobian for 2-link 2-joint Manipulator  
10
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: Square matrix (m=n) 
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12Velocity_Jacobian_2Links.py Python script #5-1 $ python Velocity_Jacobian_2Links.py

Definition of “Jacobian” function 

L1 :  link 1 length
L2 :  link 2 length 
Th1 : link 1 angle 1
Th2 : link 2 angle 2

math.cos() or np.cos()
math.sin() or np.cos()
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13Python script #5-2

Update function for th[0] (link 1 angle) 
by using slider1

arrow = velocity of end effector 
(the direction and length) 

angularvel1, angularvel2
= angular velocities of joints 
(sizes of marker) 
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Jacobian for 3-link 3-joint Manipulator 
14

“Redundant” manipulator 
End effector: 2 degrees of freedom (DoF) 
Joint angles: 3 degrees of freedom (DoF) 
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<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

L1
<latexit sha1_base64="uPQmKameDgaQ+1CVk7D4PRHo/Mg="></latexit><latexit sha1_base64="o94cBQ0mp3sLnNhGnpiZ7XDeebU="></latexit><latexit sha1_base64="o94cBQ0mp3sLnNhGnpiZ7XDeebU="></latexit><latexit sha1_base64="8AU6ZOM6aE2Ojt77nrvkf8mDEb0="></latexit>

L2
<latexit sha1_base64="eVRQ3Ab2CgUeuWNmTg/tXoHUGAQ="></latexit><latexit sha1_base64="2N9SQ/hdagPKnmScCl/oofHokzM="></latexit><latexit sha1_base64="2N9SQ/hdagPKnmScCl/oofHokzM="></latexit><latexit sha1_base64="A5tTMvTMZh9R/wdPpveJvzAKa78="></latexit>

L3
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Forward kinematics: 

Ẋ = J(⇥)⇥̇
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

(2*1) (3*1) (2*3) 

(✓̇1, ✓̇2, ✓̇3) ! (ẋ, ẏ)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

(
x = f

x

(✓1, ✓2, ✓3)

y = f

y

(✓1, ✓2, ✓3)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

X = (x, y)T ,⇥ = (✓1, ✓2, ✓3)
T

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

J(⇥) =
h@f

x

@✓1
@f

x

@✓2
@f

x

@✓3
@f

y

@✓1

@f
y

@✓2

@f
y

@✓3

i

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

: Non-square matrix (m≠n) 8
>>>>>>>><

>>>>>>>>:

J11 = �L1 sin ✓1 � L2 sin(✓1 + ✓2)� L3 sin(✓1 + ✓2 + ✓3)

J12 = �L2 sin(✓1 + ✓2)� L3 sin(✓1 + ✓2 + ✓3)

J13 = �L3 sin(✓1 + ✓2 + ✓3)

J21 = L1 cos ✓1 + L2 cos(✓1 + ✓2) + L3 cos(✓1 + ✓2 + ✓3)

J22 = L2 cos(✓1 + ✓2) + L3 cos(✓1 + ✓2 + ✓3)

J23 = L3 cos(✓1 + ✓2 + ✓3)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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15Velocity_Jacobian_3Links.py Python script #6-1 $ python Velocity_Jacobian_3Links.py

Definition of “Jacobian” function 

L1 :  link 1 length
L2 :  link 2 length 
L3 :  link 3 length 
Th1 : link 1 angle 1
Th2 : link 2 angle 2
Th3 : link 3 angle 3
math.cos() or np.cos()
math.sin() or np.cos()
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Exercise 1: 3-link 3-joint Manipulator in 3D 
16

(✓yaw, ✓1, ✓2) ! (x, y, z)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

z
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

✓yaw
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

x

<latexit sha1_base64="oFge+sAq+ywcKHePIePHwSUD0JM="></latexit><latexit sha1_base64="8Qzt2+y04boPKnW8x9C1qgCr3X4="></latexit><latexit sha1_base64="8Qzt2+y04boPKnW8x9C1qgCr3X4="></latexit><latexit sha1_base64="R4fryOHUFpwoFYEWUQH0pGDlWjU="></latexit>

y
<latexit sha1_base64="xKn7SO1zVKTdwJ0obGj2WpEiII4="></latexit><latexit sha1_base64="Mw29lhQOTZimep2s3X+yfHEDTOU="></latexit><latexit sha1_base64="Mw29lhQOTZimep2s3X+yfHEDTOU="></latexit><latexit sha1_base64="zIPGonXmtQYbyMybYc2drnAQEUM="></latexit>

✓1
<latexit sha1_base64="29DERhVeGDOBU1JsgNSCzM9WKwc="></latexit><latexit sha1_base64="FKvQ4FHhMlddzSwr3TszAUykU/c="></latexit><latexit sha1_base64="FKvQ4FHhMlddzSwr3TszAUykU/c="></latexit><latexit sha1_base64="arzcYrHYG6j1a6ZrDaZU+kZZGko="></latexit>

✓2
<latexit sha1_base64="e7AEtcPy8AbIEjGv5ELlvH3wnEE="></latexit><latexit sha1_base64="cZOtwTbCBK4nsk8VKP2w6JBV0ks="></latexit><latexit sha1_base64="cZOtwTbCBK4nsk8VKP2w6JBV0ks="></latexit><latexit sha1_base64="jYNnen75qCuqIwrE0gVqdapgc+Y="></latexit>

L1
<latexit sha1_base64="uPQmKameDgaQ+1CVk7D4PRHo/Mg="></latexit><latexit sha1_base64="o94cBQ0mp3sLnNhGnpiZ7XDeebU="></latexit><latexit sha1_base64="o94cBQ0mp3sLnNhGnpiZ7XDeebU="></latexit><latexit sha1_base64="8AU6ZOM6aE2Ojt77nrvkf8mDEb0="></latexit>

L2
<latexit sha1_base64="eVRQ3Ab2CgUeuWNmTg/tXoHUGAQ="></latexit><latexit sha1_base64="2N9SQ/hdagPKnmScCl/oofHokzM="></latexit><latexit sha1_base64="2N9SQ/hdagPKnmScCl/oofHokzM="></latexit><latexit sha1_base64="A5tTMvTMZh9R/wdPpveJvzAKa78="></latexit>

Forward kinematics: 8
><

>:

x = {L1 cos ✓1 + L2 cos(✓1 + ✓2)} cos ✓yaw
y = {L1 cos ✓1 + L2 cos(✓1 + ✓2)} sin ✓yaw
z = L1 sin ✓1 + L2 sin(✓1 + ✓2)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

This is for Report Topic No.1!!!

8
><

>:

x = f

x

(✓
yaw

, ✓1, ✓2)

y = f

y

(✓
yaw

, ✓1, ✓2)

z = f

z

(✓
yaw

, ✓1, ✓2)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

X = (x, y, z)T ,⇥ = (✓yaw, ✓1, ✓2)
T

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

L0
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

+L0
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Ẋ = J(⇥)⇥̇
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

(3*1) (3*1) (3*3) 
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17Velocity_Jacobian_3Links_3D.py Python script #7-1 $ python Velocity_Jacobian_3Links_3D.py

Definition of “Jacobian” function 

L0 :  link 1 length
L1 :  link 2 length 
L2 :  link 3 length 
Th1 : angle yaw
Th2 : angle 1
Th3 : angle 2
math.cos() or np.cos()
math.sin() or np.cos()


