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What is Jacobian (Jacobian matrix) ?

IS a multidimensional form of the derivative.
® In Robotics, we generally use Jacobians that related joint velocities to

Cartesian velocities of the tip of the arm.
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Vector notion:

Y = F(X).
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Time-varying linear transformations

In Robotics,

X =J(©)6

Cartesian velocity Joint angular velocity



Jacobian in Robot Arm
Jacobian matrix J(©)

yA

(z,9)

91 . 62
Joint angle
velocities

“Non-redundant” manipulator
End effector: 2 degrees of freedom (DoF)
Joint angles: 2 degrees of freedom (DoF)

Inverse matrix of J(©) ™
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Jacobian for 2-link 2-joint Manipulator

(01,02) — (x,9) Forward kinematics:
Y1 (61,62) — (2, 9) S P Ly cos i + Lo cos(01 + 02)
{y = L1 sin 6y + Lo sin(6y + 62)
) X =(2,9)7,0 = (01,60)"

Jr= 1000 % 7(0)6

Y = fy((9176)2) (2*1) (2%2)  (2*1)

O fur O fux
J(0) = [391 gﬂs N
— : Square matrix (m=n
, 9fy 9ty
€T 891 892
Non-redundant manipulator J(0) = {—L1 sinf; — Lasin(fy + 62) —Lasin(61 + 62)
End effector: 2 degrees of freedom (DoF) L Licosfy + Lycos(61 + 05) Lo cos(01 + 62)

©Dai Owaki, 2019 Joint angles: 2 degrees of freedom (DoF)
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Python script #5

Velocity Jacobian 2Links.py

Python script #6

Velocity Jacobian_3Links.py

Python script #7

Velocity_Jacobian_3Links_3D.py

Python script #8

Velocity InverseJacobian1 2Links.py

©Dai Owaki, 2019 Python script #9



Python script #5-1

©L

import numpy as np

import matplotlib.pyplot as plt

from matplotlib.widgets import Slider
import math

radius = 20

11
1.2

L
th
dth

def

def

= 0.5 # length of link 1 [m]
= 0.5 # length of link 2 [m]

[1_1, 1_2] # link parameters

Jacobian(th, L):

L1, L2 =L
Thl, Th2 = th

J11
J12 =
J21 =
J22 =

return np.array([[J11, J12],[J21, J22]])
ForwardKinematics(th, L):

L1, L2 =L
Thl, Th2 = th

Velocity Jacobian 2Links.py

[0.0xmath.pi, 0.0xmath.pi] # initial angles
np.array([0.0, 0.0]) # initial angular velocity

$ python Velocity Jacobian 2Links.py 12

Velocity Jacobian 2Links
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Definition of “Jacobian” function

L1 : link 1 length
L2 : link 2 length
Thl : link 1 angle 1
Th2 : link 2 angle 2

math.cos() or np.cos()
math.sin() or np.cos()



Python script #5-2 13

def update_thl(slider_val): '\
# update the angle of link 1
th[@] = slider_val

# calculation of forward kinematics Update funCtion for th[O] (I|nk 1 angle)
p = ForwardKinematics(th, L) by using S“der‘]

# calculation of Jacobian

dx = np.dot(Jacobian(th, L), dth) >.

# update the potision of each point

graph.set_data(p.T[0], p.TI[1]) # *.T means transpose the position vector
arrow.set_data([p[2,0],p[2,0]+dx[0]], [p[2,1],p[2,1]+dx[1]])
angularvell.set_data(p[0,0], pl[0,1])

AL S C R Ao (D18 arrow = velocity of end effector
angularvell.set_marker('o') (the dlreCtlon and |en9th)
angularvel2.set_marker('o")

angularvell.set_markersize(radius*(1.0+dth[0]))

angularvel2.set_markersize(radius*(1.0+dth[1])) anQUIarveH ’ an9U|arVe|2
angularvell.set_markerfacecolor('m") — angu|ar velocities of joints
angularvel2.set_markerfacecolor('c"') .

angularvell.set_markeredgecolor('m') (SlzeS Of marker)

angularvel2.set_markeredgecolor('c")

# re-draw of the links
fig.canvas.draw_idle() )

©Da1 Uwaki, 2019



Jacobian for 3-link 3-joint Manipulator

(‘?17 QQv 93) — (z,y) Forward kinematics:

y (917 927 93) % (ZC, y) <f.CC = Ll COS 91 -+ L2 008(91 -+ (92) -+ L3 COS(91 -+ (92 -+ (93)
\y = L1 sin @1 + LQ Siﬂ(@l + 82) + L3 Sin((gl + 92 + 93)

—

(&= fu(01,02,05) X = (2,9)7,0 = (01,02,05)"

/ 93 \y:fy(‘91792793) X _ J(@)@

(2*1) (2*3)  (3*])
Ofz Ofz Ofs
__ | 064 005 003
J(@) o [afy Ofy 6fy:|
001 005 003
: Non-square matrix (m#n)
X 91 (J11 = —Ll sin 01 — L2 Sil’l(el + 02) — L3 sin(01 + 92 + 03)
@ x > Jio = —Lo Sin(91 + 92) — L3 Sin(91 + 05 + 93)
Ji3 = —Lssin(6y + 02 + 03)
Jo1 = Ly cosB, + Lo COS(@l + 92) + L3 COS(91 + 09 + 193)

Joo = Lo cos(61 + 02) + L3 cos(0y + 05 + 63)
L Jog = L3 608(91 + 605 + 93)

/\\

o

“Redundant” manipulator
End effector: 2 degrees of freedom (DoF)
©Dai Owaki, 2019 Joint angles: 3 degrees of freedom (DoF)




Python script #6-1 Velocity Jacobian 3Links.py

©D

31

import numpy as np

import matplotlib.pyplot as plt

from matplotlib.widgets import Slider
import math

radius = 20

1_1 = 0.5 # length of link 1 [m]
1_2 = 0.5 # length of link 2 [m]
1_3 = 0.5 # length of link 3 [m]

L=[11, 1.2, 1 3] # link parameters

th = [0.0xmath.pi, 0.0xmath.pi, @0.0xmath.pi] # initial angles

dth = np.array([0.0, 0.0, 0.0]) # initial angular velocity

def Jacobian(th, L):

L1, L2, L3 =1L
Thl, Th2, Th3 = th

J11 =
J12 =
J13 =
J21 =
J22 =
J23 =

return np.array([[J11, J12, J13]1,[J21, J22, J231]) _‘}

def ForwardKinematics(th, L):

3

$ python Velocity Jacobian 3Links.py 15

Velocity Jacobian 3Links
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Definition of “Jacobian” function

L1 : link 1 length

L2 : link 2 length

L3 : link 3 length
Thl : link 1 angle 1
Th2 : link 2 angle 2
Th3 : link 3 angle 3
math.cos() or np.cos()
math.sin() or np.cos()



Exercise 1: 3-link 3-joint Manipulator in 3D

(Hyawa 917 ‘92) — (ZE, Y, Z)

Z

©Dai Owaki, 2019

Forward kinematics:

'\

x = {L1cosf; + Ly cos(01 + 02)} cos Oyaw
Y = {L1 cosfi + Lo 608(91 + 92)} sin eyaw
z = Lqisinfy + Lo sin(61 + 02)+Lo

(
r = f:c(eyawa 617 92) X = (ZC,y,Z)T,@ — (eyaw’el’ez)T

V= Dl 0000 % 1(©)é

< = fz((gyawa 01, 92) (3*1) (3*3)  (3*1)

This is for Report Topic No.1!!!



Python script #7-1

©r

39

Velocity Jacobian 3Links 3D.py

# This import registers the 3D projection, but is otherwise unused.
from mpl_toolkits.mplot3d import Axes3D

radius = 15

1.0 =

0.2

1_1 = 0.5 # length of link 1 [m]
1_2 = 0.5 # length of link 2 [m]

L=1[10, 1.1, 1 2] # link parameters
th = [0.0%math.pi, @0.0xmath.pi, 0.0xmath.pi] # initial angles
dth = np.array([0.0, 0.0, 0.0]) # initial angular velocity

def Jacobian(th, L):

Le, L1, L2 =L
Thl, Th2, Th3 = th

J11 =
J12 =
J13 =
J21 =
J22 =
J23 =
J31 =
J32 =
J33 =

return np.array([[J11, J12, J13],[J21, J22, J231,[331, 332, J33]1]) _,/

$ python Velocity Jacobian 3Links 3D.py 17

1.0 -0.8"

thl -0.28
th2 Py 0.00
th3 0.00

dthl 0.00
dth2 D 0.00
dth3 D 10.00

Definition of “Jacobian” function

LO : link 1 length

L1 : link 2 length

L2 : link 3 length
Thl : angle yaw

Th2 : angle 1

Th3 : angle 2
math.cos() or np.cos()
math.sin() or np.cos()



